Accurate and predictive computations of the quantum-mechanical behavior of many interacting electrons in realistic atomic environments are critical for the theoretical design of materials with desired properties. Such computations require the solution of the grand-challenge problem of the many-electron Schrödinger equation. An infinite chain of equispaced hydrogen atoms is perhaps the simplest realistic model for a bulk material, embodying several central characters of modern condensed matter physics and chemistry, while retaining a connection to the paradigmatic Hubbard model. Here we report the combined application of different cutting-edge computational methods to determine the properties of the hydrogen chain in its quantum-mechanical ground state. Varying the separation between the nuclei mimics applying pressure to a crystal, which we find leads to a rich phase diagram, including an antiferromagnetic Mott phase, electron density dimerization with powerlaw correlations, an insulator-to-metal transition and an intricate set of intertwined magnetic orders. Our work highlights the importance of the hydrogen chain as a model system for correlated materials, and introduces methodologies for more general studies of the quantum many-body problem in solids.
The study of interacting many-electron systems is profoundly important to many areas of science, including condensed-matter physics and quantum chemistry. Materials properties result from a delicate interplay of competing factors including atomic geometry and structure, quantum mechanical delocalization of electrons from atoms, the entanglement implied by quantum statistics, and electron-electron interaction. Capturing such effects accurately is essential for understanding properties, for predictive computations, and for the realization of materials genome or materials-by-design initiatives, but requires a sufficiently accurate solution of the interacting electron problem.
Over the years, many approaches to the problem of solving the many-electron Schrödinger equation have been formulated. Density functional theory (DFT) obtains the ground state energy of the many-body system in terms of the solution of an auxiliary one electron problem plus a self-consistency condition. DFT based methods have had enormous impact on materials science and condensed matter physics, but the approaches become less reliable, or even break down, in the presence of strong electronic correlation effects including magnetic, structural, conductive and superconductive phase transitions [1] [2] [3] [4] [5] . Alternative approaches in terms of model systems such as the single-orbital Hubbard model have contributed very significantly to our understanding of electronic correlation physics, but involve dramatic simplifications, including neglect of many of the terms in the physical Coulomb interaction and truncation to a small fixed orbital basis, whose consequences are not fully understood. The need to go beyond these approaches and establish a chemically realistic, yet fundamentally many-body approach to the properties of infinite solids is paramount and is increasingly recognized.
A linear chain of hydrogen atoms (N protons equispaced along a line, with N electrons) [6] [7] [8] [9] [10] embodies many central themes of modern condensed matter physics, while retaining a certain degree of computational tractability. It features a periodic atomic potential, incorporates realistic Coulomb interactions, requires the construction of accurate and compact basis sets, and yet maintains a connection with the fundamental Hubbard model which has been a hallmark of the theory of interacting fermions.
At large proton-proton separation, to a first approximation the system is a collection of isolated H atoms, each with a single electron in the atomic 1s orbital. This is very similar to the half-filled Hubbard model in the large coupling (U/t) limit. However the weakly bound nature of H − and its very arXiv:1911.01618v1 [cond-mat.str-el] 5 Nov 2019 diffuse orbitals can create excitons with strong binding in the H chain. At small inter-proton separation we may expect multiple bands to cross the Fermi level in the single-particle picture, and a correlation problem that involves treating interactions in a multiband situation. These effects are entirely absent in the standard Hubbard model.
Here we report an investigation of the ground-state phase diagram of the H chain, deploying a combination of the most advanced and accurate many-body methods. Large scale, systematic computations are performed by implementing several significant technical advances. Cross checks and synergistic applications of complementary methods allow us to put our results on firm grounds. With this joint effort, we are able to characterize the nature of the ground-state properties of the H chain. We observe a rich phase diagram as a function of the inter-proton distance R. Neither DFT nor Hubbard-model based theories adequately describe our results. This surprising behavior is discussed in detail below.
METHODS
We consider a system of N protons at fixed, equally spaced positions along a line, with N electrons:
where (r 1 . . . r N ) are the electron coordinates, and R a = aRe z is the coordinate of the a-th proton. This Hamiltonian has been studied in finite basis or finite systems (or both) and has generated increasing interest [6, 8, 9, [11] [12] [13] [14] . We use atomic units throughout, in which energies are measured in Hartrees (me 4 / 2 ) and lengths in units of the Bohr radius a B = 2 /(me 2 ). In the thermodynamic limit (TDL) of infinite system size at zero temperature, which is our primary focus, the system is characterized by only one parameter, R.
To approach the TDL in our numerical computations, we study increasingly long chains with open boundary conditions (OBC), or supercells with periodic Born-von-Karman boundary conditions (PBC). To approach the continuum limit, we employ basis sets including Gaussians, planewaves, continuum coordinate-space, Gausslets [15] , and downfolded Kohn-Sham orbitals [16] . The development and implementation of the non-traditional basis sets in our many-body computations is crucial in achieving reliable results in the small R regime.
We access the ground-state properties using multiple firstprinciples many-body methods, including variational Monte Carlo (VMC), coupled-cluster with singles and doubles (CCSD) [17] , standard and sliced-basis density-matrix renormalization group (DMRG, sb-DMRG) [18] [19] [20] [21] , auxiliaryfield (AFQMC) [22] and lattice-regularized diffusion Monte Carlo (DMC) [23] . Independent-electron calculations are also performed, including restricted (RHF) and unrestricted (UHF) Hartree-Fock [24] and DFT [25] . While it is not practically possible with any single method to simultaneously converge all aspects of the electronic structure calculations (such as basis set limit, many-electron correlation, and thermodynamic limit) across different regimes of the ground-state phase diagram, we draw our conclusions based on the convergence of multiple approaches to a consistent physical picture. Further descriptions of our methods and discussions of technical advances and issues can be found in the supplemental information (SI).
INSULATING PHASE
Antiferromagnetism. We begin our study of the phase diagram with the large-R regime. We show that, at large R, the correlations in the H chain are very similar to a spin-1 2 Heisenberg chain, which in turn is a reduced spin-only description of a half-filled Hubbard chain at large U/t. The Heisenberg chain is a critical system, with power-law decay of AFM spin-spin correlations, Ŝ 0 ·Ŝ i . In response to a local perturbation (such as a local magnetic field), one observes local ordering (such as local Néel order) which decays as a power law in the distance from the perturbation. To probe AFM correlations in the H chain, in Fig. 1 we present the quantity C i = n 0↑ni↓ − n 0↑ n i↓ computed with DMRG in the minimal (STO-6G) basis, wheren iσ denotes the number of electrons occupying (orthogonalized) atomic orbital i with spin polarization σ (along z). C i oscillates with wavelength λ = 2R, corresponding to the Néel vector of two sublattice antiferromagnetism. Additional characterization of the AFM order at large R comes from AFQMC, DMC, and DMRG spin structure factors, defined as S(q) = 1 N Ψ|ρ † qρq |Ψ , wherê ρ q = iŜ z,i e iq·ri is the Fourier transform of the spin density at a wave-vector q = (0, 0, q), withŜ z,i andr i = (x i ,ŷ i ,ẑ i ) denoting the spin-z and position operators of electron i, respectively. S(q) is shown in Fig. 4c for R = 2.5 a B , which features a peak at q = π/R, signaling power-law AFM order.
In Fig. 1 , we further observe that the oscillations in C i decay with a power-law envelope,
indicates weakening of AFM as the chain is compressed. The power-law decay of the AFM correlation is consistent with quasi long-range order in 1D. The fitted exponent of η 1.11 (1) , which is likely affected by finite-size effects, is slightly higher than the prediction from conformal field theory, which gives S i · S 0 ∝ (−1) i √ ln i/i η , with η = 1 for systems within the same universality class as the 1D Heisenberg chain [26, 27] . Computations on larger system sizes are needed to further improve the resolution in the H chain.
Dimerization. We also observe dimerization in the large R regime, with an amplitude that increases as R is decreased. With PBC, dimerization can be probed by density-density correlations. Under OBC, or with a local perturbation, dimerization can be measured by the electronic density, for example integrated along transverse slabs (i.e., over x and y for a finite δz), n(z). The upper portion of Fig. 2a shows n(z) versus z, for a segment at the center of the chain under OBC, computed with AFQMC. The density has maxima at the proton sites and minima half way between. We define the dimerization measure for an N -atom chain, ∆ N , by the difference between the global minimum of n(z) (denoted by n g ) and the adjacent local minimum (n l ), ∆ N = n l − n g , as illustrated in the lower portion of Fig. 2a .
In Fig. 2b we investigate the dimerization in the H chain at R = 2.0 a B , using AFQMC, sb-DMRG, DMC, VMC, RHF and UHF. In the Heisenberg chain, dimerization appears in the nearest-neighbor spin correlations,
In the case of a chain with OBC, the open ends act as a local perturbation which couples to the dimerization, making odd-numbered bonds stronger than even ones, with an amplitude that also decays as a power law away from the ends. Similarly, criticality can be observed by studying the strength of the dimerization in the center of a chain as a function of N , which is analogous to our approach with the dimerization measure in the H chain discussed above. In the Heisenberg chain the dimerization profile as a function of site index i is
Thus in the middle of the chain the dimerization decays with the chain length as ∆ N ∝ N −d up to corrections. In the H chain, we find similar scaling behavior of the dimerization, with exponents d = 0.57(3), 0.563(4), 0.58 (11) and 0.90 (26) from AFQMC, sb-DMRG, DMC and VMC, respectively. Dimerization manifests itself not just in expectation values of classically-definable observables such as the electron density, but also in intrinsically quantal observables such as the quantum kinetic energy and entanglement entropy. It is natural to think of dimerization in the context of the Peierls instability [28] [29] [30] . Results for a 10-atom H chain are shown in Fig. 2c from sb-DMRG, where the kinetic energy is mea- sured from hopping between slices (see SI), and the entanglement entropy is measured across planes that bisect a bond. The dimerization we observe is distinct from earlier discussions in the H chain [9, 31] , which centered on the concept of site (vs. bond) density/spin. In fact, one can view the dimerization as being tied more closely to the hopping or to the entanglement than to the density. Similar behavior is seen in both the half-filled Hubbard model and the Heisenberg model in a finite, open chain. In both models, there is no density between sites which could exhibit dimerization. In the Heisenberg model, the dimerization is associated with valence bonds, and can be measured with Ŝ i ·Ŝ i+1 , as mentioned earlier. In the Hubbard model, dimerization is seen in the correlation function of the nearest-neighbor hopping, i.e., the kinetic energy operatorĥ i = σ â † i,σâ i+1,σ + h.c. . As shown in the inset of Fig. 2b , the correlation function H i = ĥ 0 (ĥ i −ĥ i+1 ) again displays a power law behavior (−1) i i −η , with η ∼ 0.57 (8) . In both models, one has enhanced entanglement across the bond. In the 10-atom H chain, these effects are visible in the form of five bonds for both R = 2.0 and R = 3.6 in Fig. 2c . At R = 2.0 a B , where dimerization is consistently observed in larger systems from the electronic density, S vN (z) shows five entangled dimers (bottom of lower panel); the entanglement exhibits a striking asymmetry on the two sides of each proton along the chain.
In summary, the large-R regime of the H chain has an insulating ground state characterized by power-law correlations, first in spin and then in dimerization as R decreases. Independent-electron methods experience various difficulties here, some of which are expected but certain functionaldependent variations are less predictable. Restricted-spin DFT calculations yield a metallic phase, with no spin correlation. Unrestricted DFT-PBE gives an insulating phase, but with true long-range AFM order, and no dimerization. RHF gives a true long-range dimerization order, while UHF gives no dimerization. The subtle power-law physics of 1D situations is not easy to capture with numerical methods. It is encouraging that our different many-body methods agree on the exponents and amplitudes of the long-distance behavior. The power-law correlations are expected to be universal; our methods give also access to non-universal quantities that reveal the specific physics of this system, which is quasi 1D, single-band in the large R regime.
METALLIC PHASE
Insulator-to-metal transition. Correlated electron materials often exhibit metal-insulator transitions (MITs) as parameters such as temperature, pressure or crystal structure are varied [1, 4] . Recently molecular hydrogen was observed to become semimetallic at high pressure [32] . From the perspective of the one-band Hubbard model which, as we have seen, captures the universal aspects of the physics at large Rand more generally from the perspective of one-band models with second-order Umklapp processes, no MIT should occur [33] in the H chain. Here with multiple methods and multiple probes, we show conclusive evidence that a MIT occurs, and provide a characterization of the physical origin and properties of the transition in the H chain.
The concept of macroscopic localization [34, 35] provides a direct wave function-based characterization of system properties. For periodic systems, one defines the complex polarization Z N = Ψ N |e i 2π L iẑ i |Ψ N , where |Ψ N is the ground state of the N electrons in a supercell of size L = N R along the chain direction. The electron localization length Λ = √ D 2πρ is related to the complex polarization by D = − lim N →∞ N log |Z N | 2 . In localized systems, lim N →∞ |Z N | 2 = 1, and Λ is finite; in metallic systems lim N →∞ |Z N | 2 = 0, and Λ → ∞.
In Fig. 3a , we establish the MIT by computing Z N with AFQMC, DMC and VMC. For small R, all methods give Z N equal to or statistically compatible with 0 across a wide range of system sizes N , indicating a metallic many-body ground state. For large R, all methods yield a non-zero Z N , with the two most accurate results, AFQMC and DMC, in very good agreement. (The VMC results are consistent with those from an earlier study [9] .) Our results point to a transition point located approximately at R MIT ∼ 1.5 a B . Additional support for a MIT is provided by coupled cluster fundamental gaps (see SI). There is some uncertainty in the critical value of R MIT because of computational limitations. In particular the values of |Z N | in the insulating phase are sensitive to finitesize effects, as illustrated in the inset of Fig. 3a by the corresponding localization length D as a function of N from DFT. At large N , we expect |Z N | = 1 −g(ξ/L) in the insulating phase, whereg is a scaling function and ξ is the correlation length of the MIT. The smooth decrease of |Z| as R MIT is approached suggests a second order transition (presumably relating to gap closure) and the sizable finite-size correction shows that ξ is large even at R ∼ 2.5 a B .
Origin of the MIT and properties of the metallic phase. It is theoretically established that the ground state of a oneband model with commensurate filling is insulating. Our calculations show that the MIT we observe is due to a self-doping mechanism in which the one-band picture breaks down. We illustrate the basic idea in Fig. 4a , using a band-theory based cartoon of the electronic structure. The isolated H atom has multiple states, including the occupied 1s and excited states 2s, 2p, etc. At large R the bandwidths are small compared to the energy gaps, and a one-band approximation is reasonable. As R is decreased, the bands broaden and, as shown in Fig  4a, band overlap may occur, and metallic behavior results.
Within DFT one may characterize the metallic state by the nature of the occupied Kohn-Sham bands. Local spin moments can be computed, and their behaviors (local and global) reveal the magnetic correlations in spin-symmetry-breaking solutions, as shown in Fig. 3b . As R decreases, DFT-PBE solutions indicate a band of mainly atomic 1s origin with a relatively large (but not integer) occupancy and a Fermi level near k 0 F ≡ π 2R (the non-interacting Fermi wave vector), and bands of mostly 2p x , 2p y character (i.e. π bands) becoming occupied, with Fermi levels near 0. Many-body correlations beyond DFT can substantially modify the picture, however.
We probe the many-body metallic state by computing the one-body density matrix, which we then diagonalize. Each eigenvalue gives the occupancy of the corresponding eigenstate ("natural orbital", NO). The occupancies computed by two methods are shown in Fig. 4b . For the N = 24 supercell, a sharp transition is seen in orbital occupancy, reminiscent of a Fermi surface. We label the characters of each NO which, similar to Kohn-Sham orbitals, can be analyzed via the single-particle basis or projection onto atomic orbitals. In the N = 24 system the last two eigenvalues before the sharp drop (#11 and 12, filled symbols) are two-fold degenerate, consistent with the notion that the metallic phase corresponds to shifting electrons from 1s-like to 2p x,y -like orbitals. However, the many-body results display variations in the occupancy and the nature of the orbitals, as illustrated in Fig. 4d and e. We find that the energy differences associated with different occupancies, such as 2s instead of or together with 2p, are very small, on the scale of sub-mHa/atom, and the precise energy ordering is affected by boundary conditions, supercell sizes, basis sets, as well as the choice of the correlation algorithm. This low energy scale is associated with the very diffuse nature of "upper band" NOs.
An alternative demonstration of the multiband character of the metallic state is provided by our computations of the spin structure factor shown in Fig. 4c . At R = 2.5 only one peak is seen, at q = 2k 0 F , as discussed earlier. To probe the nature of the metallic phase, we focus on a representative case of R = 0.9 a B , away from the vicinity of the MIT transition. S(q) is shown from two different QMC calculations, in supercells of N = 48 atoms averaging over 11 twist angles, in addition to DMRG calculations in a supercell of N = 24 atoms. In a metallic system we expect peaks at wavevectors q = 2k F where k F is one of the Fermi wavevectors of the system. Two cusps are seen in each result at locations, q 1 and q 2 , in precise agreement among the different calculations. We interpret the larger wavevector as arising from the 2k F process in the 1sdominated lower band. The position q 2 = 2 (1 − x) k 0 F then gives the doping x of this band. In a simple two-band picture, the lower wave vector is given by q 1 = 2x k 0 F /g, where g gives the degeneracy of the "upper band" which is occupied. At R = 0.9 a B , the locations of q 1 and q 2 satisfy g q 1 + q 2 = π/R in all the results, with g = 2. This is consistent with a doubly degenerate upper band (e.g. 2p x,y ), although multiple bands strongly contribute to the DMRG S(q).
We next discuss the magnetic correlations inside the metallic phase. The DFT spin density at R = 0.9 a B is plotted in Fig. 4f as a point of reference. To account for spin correlations, the DFT solution breaks translational symmetry to create a very long period antiferromagnet. The long period modulation arises from electrons in the upper bands, 2g per period, which are in very diffuse orbitals. In the many-body solution, translational symmetry is restored, and two-body correlation functions are needed to probe magnetic correlations. Electrons in the lower band are no longer magnetically ordered, as S(q) does not show a peak at q 2 , rather only a kink which is more consistent with short-range correlations. The electrons in the "upper band(s)" are diffuse, with NOs of transverse size ∼ 5 a B (see Fig. 4d, e ). They display a tendency for magnetic ordering driven by exchange, as indicated by the kink at q 1 . Their average inter-particle separation along the chain, ξ ∼ π/(2q 1 ), is large (and becomes larger as R MIT is approached), with only a small number of electrons in a large supercell, consistent with an electron wire. These features make it challenging to determine the precise behavior of the correlation over a sufficiently long range, which is further magnified by the sensitivity of the nature of the higher bands discussed earlier. However, they provide a fascinating quasione-dimensional system to probe both magnetic and charge correlations under the effect of long-range Coulomb interactions [36] .
CONCLUSIONS AND OUTLOOK
While much has been understood about model systems, most notably the Hubbard model, understanding correlated electron physics in real materials remains a central issue in condensed matter physics and materials science. On the weak coupling side, the combination of DFT and the GW and Bethe-Saltpeter equation formalisms [37] [38] [39] gaps, excitonic and quasiparticle properties well in many band insulators and simple metals; it is however fundamentally based on a self-consistent perturbative approach. The combination of DFT and dynamical mean field methods has provided very considerable insight into Mott and Hund physics of transition metal oxide and heavy fermion compounds [3, 40] and in some cases has been shown to give quantitative agreement with materials properties [41, 42] . This approach focusses on the physics of on-site interactions among electrons in a small set of spatially localized orbitals, treating longer ranged interactions and most of the electrons only at the level of DFT and relying on a DFT definition of electronic orbitals.
In this paper we aim to take first steps towards a comprehensive theory of correlated materials, by treating strong correlations and longer ranged interactions in a chemically realistic context. For our studies we selected the hydrogen chain as a reasonable compromise between physical/chemical realism and tractability. It enables us to study the balance and competition between band structure, electron interaction and multi-orbital physics all tuned by a single parameter, the interproton distance R. We find that, despite its apparent simplicity, the H chain embodies a surprisingly rich set of the major themes in contemporary quantum materials physics, including metal-insulator transitions, magnetism, and intra-and inter-site electron correlation physics.
Our ab initio studies employed a combination of state-ofthe-art quantum many-body computational methods. The results unveiled a rich and fascinating phase diagram. At large R, the system exhibits a Mott insulating phase with quasi long-range AFM order, and dimerization effects visible in the density, kinetic energy and entanglement spectrum. Upon compression, it transitions via a self-doping mechanics into a metallic phase which exhibits magnetic correlations. At high pressure the magnetic correlation is modulated by an incommensurate wavevector. Near the MIT the occupancy of the "higher band" is very low and the size of the magnetic domain grows, potentially allowing the possibility to develop global polarization. We find that the higher excited states (occupied in the metallic phase and important as virtual excitations in the large R insulating phase) have an extremely diffuse and occupation-dependent structure.
The study brought many technical issues which are of fundamental importance for reliable computations in quantum materials to the fore. A key issue in which further work is urgently needed is the development of compact bases for manybody calculations. Approaching the thermodynamic limit and resolving small energy differences, especially in the metallic phase, are also crucial. Our language for interpreting the results of calculations and describing the ground state and lowlying excitations is fundamentally single-particle based; our work highlights the need to move beyond this picture and develop more intrinsically many-body descriptions.
Our study opens many additional questions, including the construction and solution of appropriate minimal models that capture the physics we have uncovered, the analysis of excited state physics both in the insulating and metallic regimes, and understanding the properties in the even smaller R limit. Experimentally, the physics could potentially be realized in ultracold atoms, or perhaps carbon chains which have been isolated in carbon nanotubes [43] .
More generally, our study establishes the H chain as an important model system -one may say perhaps the C. elegans of the field of correlated materials -and demonstrates the power of the synergistic application of independent numerical methodologies [10, 44, 45 ] to achieve far more complete characterizations of a realistic system than can be achieved by a single method. This mode of attack has the potential to address other challenging problems in condensed matter physics, including the systematic investigation of real materials with immediate technological applications by firstprinciples many-body methods.
